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Abstract 

A time integratuion algorithms is the key element of the hybiid test or the finite 

element analysis. But the stability and accuracy of the integratuion algorithms should 

be considered. The energy approach can be used to judge the stability of a time 

integration used in the linear or nolinear analysis. So the stepwise integration 

algorithms peforming the equations of motion based on energy approach are 

unconditionally stable for linear or nolinear structures. Therefore, the 

energy-conserving integration methold becomes more and more popular. However, 

the energy-conserving integration methods are just applied in the field of space flight. 

although the application in the field of civil engineering is rare. The application of the 

energy-conserving integration methods in the large span space structure is studied in 

this dissertation, and the main work and results are as follows: 

1. The energy-conserving time integration method and the average acceleration 

method are studied. The stability of these two integration methods are studied 

with the energy of the system. The theoretical analyses shows that 

energy-conserving time integration method is unconditionally stable, and the 

average acceleration method is conditionally stable because of its increment in 

energy. 

2. In order to apply the energy-conserving time integration method to the field of 

civil engineering, this method is added to the OpenSees software platform as a 

subprogram, and a simple pendulum numerical example is used to prove the 

correctness and the effectiveness of this program. The energy-conserving time 

integration method, the average acceleration method and the TRBDF2 method are 

studied in this example. The energy approach is used to prove that the 

energy-conserving time integration method with no increment in energy is 

unconditionally stable; the average acceleration method with some increment in 

energy is conditionally stable and the TRBDF2 method with negative increment in 

energy is unconditionally stable. 

3. In order to study the application of the energy-conserving time integration method 

in the large span space structure, some analysis in the plane truss structure, three 

dimensional truss structure and the roof of a gas station show that the subprogram 
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added to the OpenSees software platform can be used to do dynamic analysis in 

both two dimensional and three dimensional truss structure. The geometric 

nonlinearity and material nonlinearity in structure is studied to research how 

nonlinearity influences the numerical stability of an integration method. The 

results show that the average acceleration method turn to be conditionally stable 

when geometric nonlinearity is considered, and a smaller time step is needed to 

make it stable. With the integration step increasing, the error of the average 

acceleration method becomes bigger̆while the material nonlinearity getting 

increasing, the error becomes smaller. The same phenomenon can be seen while 

the elastic buckling force is getting lower. A stability condition is proposed and 

proved to be effective. Relatively the energy-conserving time integration method 

is unconditionally stable. 

 

Keywords: energy-conserving time integration method̕average acceleration method̕

energy approach̕ numerical stability̕ OpenSees̆ large span space 

structure̕ geometric nonlinearity̕ material nonlinearity 
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1.1  

╟ שּ ᾃ ӱ ӊ ╟

ѐ̆ӊ У ȂУ ұ ╟ ̆ б
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╒ Ԉ ἷ ḣ   ȂУ
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╟ ̆ ұ ᴐ ̆ ╟

‡ ұ ╟ ╒ ⁸̆ ̆
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̆ ╟╒ ѝ ╗ ̆ з ұ  ̆

ᴳ ᴿ Ԉ ̆ ѝ Ȃ

У ת̆ а ̆

ἷ ֒ ̆ ֒ ᴐ Ю ѝ̆

http://baike.baidu.com/view/48477.htm
http://baike.baidu.com/view/1002169.htm
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ҩ ҂ У Ȃ 

╟╒ ἷ ֒╟╒ ὲ̆ ⁞Ө ұч

╒ а ̔ ╟╒ ╒ ұ ̆ ἷ ֒ ḣ
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1.2.1   

ԏ Э ̆ ᴇ ‚ ѝע
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( )q t ̆  ( )U t ȁ ( )U t ( )U t  ᴇ Э ╗ ȁ

ᴁ Ȃӱ ̆Э Уэү  ̆ ұ

ἷ╟╒ ѐ̆  ᾱ ̆ э ֶ

̆ У  ῆ ẹ̆ Runge-Kutta ̆ а ̆

ἷ╟╒ У  Ȃ  ╟ аṁ

֗ᴉ ̆ ╟ [1]Ȃ 

ӱ Э ̆  ұчэ ‡̔Уэ аᾋ

ᾃ ֗ ₂ t ╟ ̆ ̆҂

 ₂ 0̆Dt̆2Dt̆éЭ ̆ Э ұ Э

ү̕ э  ₂Ѯ ̆ ᴁ ( )U t ȁ ( )U t ╗ ( )U t

Ḯ ̆ᴳὲ У   Ὧ ̆ э ᾱ 

Э ᴂȂ  

ў   ̆ 0~T nэ
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 0̆Dt̆2Dt̆énDt̆ὲѐD t =T/n̆ з t ₂ Ѯ₥ ₂ ̆

t+Dt ₂ Ȃ ҩ t+Dt ₂ Ѯ ̆ נ

  Э Ȃ ₥   Уэ 

Э   ѝ  Ȃ 

╟╒ ѐў ᴳ  Ԉѝч ̆У ̆

У ѝ Ȃ t+Dt ₂ ᴁ +DU t t Ԉ t ₂ t ₂Ѯ₥

̆ ѫ ѝ ̆ Ѯ‡ѝ Ȃ Э̆

б ⁞שּ ұ +DU t t Ḁ‾ t ₂

֒̆ ѝҩ +DU t t t+Dt ₂Э ֒Ȃ

 ѐ̆ ἷ ╟

ѝԈ t+Dt ₂ ᴁ +DU t tѝ ̆ ‡ ҩὯұ

ᴁ +DU t t Ȃ 

ұ  У ἷᴇ נ ̆ ұᴁ ȁ

╗ Ḯ а ̆ Уэ  ѐ ֶа ὁ

̆ὲѐУ  ̆ У ѝ ὡ Ȃ У

а ת̆ ̆ Ҿ ֶа ȁ ̆ӱ

Ḷ ̆ ̆ ѝУэ  ḣ

Ȃ Уэ  ̆ ұ֗  ֒̆а  Dt ᴉḣ̆

ὲ аֶ ̆‡ ѝ ֒ Ȃ ̆ 

Dt Уэї ḣԈᾃ̆  аֶа з ̆

ѫ ѝ ֒  Ȃ ╟╒ ἷ ֒

╟╒ ̆  ḣ ̆

 Ȃ  

ұ ᴇ ̆  ѐ

̆ ҂ ȂУ ұ

 ̆ ᴇ ѐ̆ ֒ ̆ зὲ б

 Ԉ ὯȂ  ᴇ ѐУ ѝ

֒ Ȃ ╟╒ ἷ ֒ѐ̆УҾ  ̆

з Ҿ Э ╒ Ȃ

  ̆  ᴇ ѐ б ᴇ ѐ а

У ̆Ӱ У Ȃ    ╟╒

ӊ [2]Ȃ ̆  Э
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A ̆҂ ұ ֒ ת̆ ұ֗ а

У [3,4,5,6]Ȃ 

1.2.2 ὴ   

ұ  а Ԇ̆ У ̆

ᴳ ╟╒ У ִ□Ȃ У

 ѐ  ת̆ ̆ 

Ȃ ѐ  ἷᴇ ἷ ұ 0̆

У ֒ Ȃ ѐ   ̆ ╟ ѐ

а ̆ ╗Ȃ У ̆  

ᶢ ѐ  [7]Ȃת ᶢ Ѯ ѐ  ̆аӨὲ Ю ̆

҂Ю ҩȂѝҩ ᾱ э ̆ ᾙ ӝ[8] ╗ ұ ╗

Ḯ ̆ ѐ  ѮЭ  ҩУ ȂѮ ̆ ᶢ╒

ӝ[9]҂  ҩУ  Ȃ  ̆ ч

Э ִұᶢ ѐ  ̆ з ᶢ╒ ӝ  

ұ ᾙ ӝ    Ȃ 

ԈЭӮ  ֒ ̆ [10] 

ҩ ̆ ҩ ᴇ ѐ У ֒ 

ת̆ ѐꜛ ̆ а ȂS.Y.Chang
 [11]҂  ҩ

У  ╟╒ ѐ̆ ᴇ ѐ ֒

̆ зὲ б ╗ У ̆а ꜛ

̆ У Ȃ  

 ұὲУ Ԉ ᴇ ╟╒ ѐέ ֒

̆ ȂУ 

Newmark-ɓ ȁŬ- Ԉ Wilson-ɗ ȂNewmark-ɓ
[12] Ԉ ѐ

ɓ ɔ  ḣ Ȃὲѐ ѮУ

╗ Newmark-ɓ ‟ѐ У  ̆

ɓ=1/4̆  ұ ѝ ֒ Ȃ 

ұ ̆ ╟╒ ў ᴂ ̆

ᴿ ̆ ̆ Ḁ ╟╒ Юᴂ ̆ 

Ȃ э ̆Wilson-ɗ
[13,14]  Ȃ ꜛ Уэ ɗ̆

з ɗÓ1.37 έ ֒ Ў ɗ=1.4Ȃ ұWilson-ɗ

ὡҩ ḣ ̆ ╟╒ У ̆ з ᴐ
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̆ Ԉ ɗ Ȃת У ɗ=1.4 ὡ ḣ

̆ ᴐ аӨ  ̆ ᴂ  ҂

ḣ ̆ ҩ  ᴂȂ Wilson-ɗ Ԉ ̆У

э  Уэ Ԉ ⁸ ḣ ̆ӱ

УҾа  ̆ з ᴂ ḣ ̆ӱ ᶑ

  а ᴂȂ ұ э ῆ H̆ilber   У

ѝ Ŭ- [15]Ȃ ў ╟ ѐ ὡ ḣ Ŭ̆

з э У ֒ Ḁ̆Ŭ- ѐ ֒ Ȃб

Wilson-ɗ Ŭ̆- ḣ ̆  ̆

ᴂ ḣ ҂аֶ ̆ӱ ᶑ ҩ Ȃ ̆Ԉ Ŭ- ѝ

̆Chung Hulbert ѐ Ŭ ̆   Ѭ-Ŭ
[16]̆

Ŭ- έ ᴂ ᴂ ӱ̆ ҩ  Ȃ 

    У  έ У ү ̆ ӝ[17]  ҩ ̆

ᴳ  ҩ Ȃ ѐꜛ ɓ̆ ɓ

̆ ᴳ Ь Ȃ ̆҂ ⁞  ҩ

 Ȃᴿ ̆ Ъⱥ    [18]̆ ֒ ̆

ת έ [19]Ȃ  Ԉ  ת̆

╗ҩ╟╒ ᴐ Ȃḣ ̆ԈЭч ᴇ

ѐ ̆ Ὧұ ̆ ч

 Ȃ 

1.3 ұ   

₥ Ӯ ὴ  ᴇ ֒ ̆

 У  ″ Ȃת ὡ ᴇ

ѐ̆ Ҿ ҩȂẹע Ѭ-Ŭ ᴇ ѐ ֒

̆ ꜛ ΰᴉ ╟╒ ̆ὲ ὡ ḣ

ᴐ ̆ ҩȂ [3]ѐ X̆ie ӝ‾ ╗

ᴇ ╟╒ ̆  ҩ Ȃ ̆‾  ″

 аᾋ ҩ[20]Ȃ″ Уэ 

̆ Ԉ ῆ‡[21]̆҂ ᶑ   ḣ  

ḣ э  ѐаֶ ұ  Ḯ

Ȃ ӝ[22,23]ӱ Э ҩ ╗ ч

ѐ҂ ֒ ̆У ╒ ̆ У
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Ȃ 

ӱЭэй ὩЦ︠ Ԇ ̆  ‾ ᴇ ╟

̆  Ԉ ѝ  [24]Ȃ ұ 

ᴇ ᴇ ѐ  ֒ ̆

Ὧ У Ȃ 

ѝ ч̆    Ў ѝ Simo ̆ У Hughes

 ̆ ѝ Hughes ̆ ч έᴇӮ ȂHughes  

̆Ѯ ὲӹ ұа ἷ̆ а ̆ ᾃ

э ҩ Ȃ 

Crisfield SHIчӝ ұ Simo ̆  ҩ ұ Ὥ ἷ

 ̆Ѯ ҩЬ Ὥ ἷѐ[25]Ȃ ұч

ӝў Ὥ ̆ I.Romero F.Armero
[26]чӝ ұ  ҩУ

 ̆ ҩ ᴳ ̆ чӝ  ҩ ұ ἷ

 ӑ Э ҩ ḣ ᴇ̆ ֶ [27]Ȃ

ұ ἷ Ădnan Ь ἷ  ҩУ 
[28] ת̆ Ю ̆ ѝ ὡҩ ḣ ̆ ҩ ̆

ת Ԉ ⁸̆ з Ԉ ̆

Ḁ Ȃ ἷ Э ҂̆ ὲӹ ȂM.Gams

ӝ[29] ΰᴉ  ҩУ  ̆

ұ ҩ ּ ̆ зӱ Э ҩ

̆ ֒  Ȃ 

҂ ⁞ ȂP.Betsch P.Steinmann
[30]  ҩУ

 ̆ ‾ ḣ ╟

ȂѮ E.Graham ӝ б Simo   [31]̆

ᴇ ѐ̆ Ѯ ᶑ Ḁ ч̆  נ ӑ ̆

₥ а ὤ Ȃ 

У  Уэ  ̆  Ȃ

̆William Taylor ӝ  У Уэ  ѝчэ

 ̆ ֒ ת̆ ֶ ὡ ḣ [32]Ȃ 

ӱЭэй Ц︠ ԆԈ ̆   ̆ ̆Ignacio 

Romero Уэ ╒  Уэ ᴇ[33]̆ ╒

а а  ̆а ╟╒ Ȃ 

҂ ̆ ӝ[34] ּ ᶢ
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̆ נ ᶢ ╒ ̆ᴳὲ ╟ ̆

ұ  ѐ̆ᶑ ҩ ḣ Ȃ 

ԈЭӮ  ұ Simo Hughes

  ̆ ч ̆ ̆ ч

 ȂЮ Ӯ Hughes б Simo Ȃ 

1.3.1 Hughes  

Ὧ ᴇ ╟ ̆ ѫ 

 ҂ ῆ‡ ̆ӱ У ᶑ  ᴇ

ѐ Ȃ ̆T.J.R.Hughes
 [35]   ╟╒ ὡ ̆ӱ

̆҂ Hughes Ȃ ұ ̆а ╒ᴐ ̆

за ̆ὲ ѝ̔ 

 E

( )
( ) 0l +D

+D +D

+D

µD
+ + =

µ

U
MU R U

U

t t
t t t t

t t

E
 ̂1-2̃ 

ὲѐ Elѝ ̆ ( )+DD Ut tE ѝ ѝчэ  Ѯ   Ȃ

H̆ughes У  Ȃ Ԉ   H̆ughes У

ѐ╗ὡҩ Ь
E

( )
l +D

+D

µD

µ

U

U

t t

t t

E
ת̆ У Ѭ

а Ȃ ̆ ұ ҩ ╗ Ḯ ̆  Dt

Ḁ̆
E

( )
l +D

+D

µD

µ

U

U

t t

t t

E
ḣֶ ̆ӱ ̆ У

ѐ  [36]ȂѮ ̆Kuhl ӝ[37,38]҂ Ŭ ̆

҂ ҩ╟ ת̆ Ӱ б Hughes

Ȃ 

1.3.2 Simo  

Ѯ ̆J.C.Simo
[39]Ԉ ╗ Ḯ ѝ ̆Ԉ ῆ‡ѝᵑ ̆

 ҩ ╟  Ȃб Hughes ҂̆Ө ╒ᴐ

ᴐ ̆ᴳЮ  ̔ 

 
K, P, 0

0, 0

+D +D +DD =D +D ¢

D = D =

t t t t t tE E E

L J
 ̂1-3̃ 
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ѐ +DD t tE ȁ K, +DD t tE ȁ P,+DD t tE ⁞ ӱ t ₂ t+Dt ₂̂ ӱ n  n+1

̃ ȁ╟ Ԉ □ ̆Э ₥ ᶑ

ᴇ ұ ұ 0̆ з ᴇ ╟ ѝ 0Ȃ 

ԈЭ ѝῆ‡̆Simo ӝ ҩУэ ╟ ̆ὲ

ѝ 

 0a a+ ++ =MU Rn n  ̂1-4̃ 

̂1-4̃ѐ a ӱ n  n+1 Ѯ эᴁ ̆

̆ a=1/2 ̆ ᶑ ╟ ҂ ̆ a=1/2 чэ  ѐ

ᴁ ἷ Ȃὲѐ a+R n ѝ ╒̆ ұ ╟ ұ

̆ ╒ ҂ Ὧ̆ Ю  

  
P,

1/2
+D

+D

+

µ
=
µ

R
U

t t

t t

n

E
 ̂1-5̃ 

Э  ╒ Э ̆ ѫ Э

Ȃ 

ӱ Э ̆Simo Ӱ ұ╒ ╟ ̆ з ᶑ

̆ Ԉᶑ Ȃḣ ̆Simo ұ

╗  ̆ ̆  ᴇ ѐ ̆Simo Э

Ԉ ѝע ╗ Ȃӱ Simo Ԉ  ̆ УэԈ +DU t t

ѝ ̆ Ԇ̆ У  Ȃ 

Simo ў  ╒̆ 

╒  ҩУҾ Ȃ ӱ ̂1-5̃ѐ Ԉ  ̆ ╒ Ԉ

 ת̆ ḣ ̆ ╒ ̆ ̆

ұа ἷ̆ а ̆ ԏ  ҩ  Ȃ

Simo ӝ   ѐ ᶢ ̆ ╒̆

э [24]ѐ ̆ Ԉ  ̆ ̆ ̂1-5̃

Э У ⁸ ֒̆ аУ ὲ Ȃ 

  ̆ [23]ѐ̆ ҩ ̂1-4̃ ת̆ ұ

╒ ‡  ̆  

 
P, 1

1
1/2 ( )

2
( )

2

+D +

+
+D

+

D +
=

+
D

U U
R R

U U
U R

t t i i

T i i
t t

n

E

 ̂1-6̃ 
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ᴇ ע  

 
P,

1/2
+D

+D

+

D
=
D

R
t t

t t

n

E

U
 ̂1-7̃ 

ұ ὤ ҩ ̂1-3̃ѐ ῆ‡̆҂ ᴇ

ὤ Ȃ ‾ У ̆ ҩ  ̆

έ Ȃ ╒ ̆ Ѭ Э

ת̆ ḣ ѐ̆ ̆

ᴇ □   ̆ӱ  ╒̆ У ұ

̆ Ȃת ̆ 

ҩ ѐ̆ ᴇ ̆ӱ  

 ╟╒ ִ□Ȃ 

̆ [23]ѐ̆ ӱ Э ҩ Simo б Hughes

̆ Simo ╟ ̆ ֶ  У Уэ ̆ Hughes

‡ а Уэ ̆ӱ Ԇ ѐ  Ҕ̆ з̆Simo

Ԇ ҂ ̆ ѝ Simo ִұ Hughes Ȃ 

Э̆Simo ѝ ת̆  ҂

ұУ ̆ а ұ ἷ ѐ̆ Ԉ

 ἷȁ ἷԈ ἷѐ̆  ҩ 

̆ У ₥ Ȃ 

ұ ұ Ҿ ἷ̆ ̆ ὲӹ

ᴇ ѐֶ  ȂM.A.Crisfield ╟  ̆ ѝ Simo

ӝ ֶӊ У ׆ ̆ӱ ҂ ̆

  ╒ ̆   аӨ

ὡ֗ᴉ ḣ ̆ з҂ ᶑ [ 40,41]Ȃ   ̆

M.A.Crisfield    ұ ἷ ̆ ҂

Ȃ 

1.4 ў ᾃ  

ӱ ᾃ ̆  ҩа

ת̆ Ҿ а Ȃ  

УҾ ̆ ̆ Э ҩ

֓ḣȂ У ̆ Ю ΰ  ҩ Ȃ 
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ѝ ̆ ᵑ б ἷ Crisfield

 ѝ Ȃ У  ᴐ Ἴ M.A.Crisfield  

 Уэ Ӯ Ȃ ұ э ұ Simo   ̆ч

⁞ ұ ╒ Ȃ Ӯ ѐ Ἴ̆Ӯ Simo

̆ Уэ ᶢ ̆ Crisfield Ȃ ӱ

̆  ̆ з ҩ ╗

 ἷ ̆ ╗  ἷ

 Ȃע

ѝҩ   ѐ̆Ḇ╠ OpenSees У

ἷ ֒̆  ╗ὡ OpenSeesѐȂOpenSees

ў ұ ѐ Уэ ֒ᴇ Ȃ

ұ OpenSees ̆ Ԉ ὲԆ ҩ ̆ ὲѐ

╗ ӱ̆ ᴳ OpenSees  Ȃ ү Ἴ OpenSees

У ֒ ҩ ̆ Ԉ ̆ ἷ╟╒ б

OpenSees Ԇ Ѯ Ὧ ̆ OpenSees ╟╒ Ȃ

 ̆ OpenSeesѐ╗ὡ ̆ Ҿ б OpenSees

 У ̆ӱ OpenSees ў ╗ὡ

 ╟╒ Ȃ Уэ ᴿ Ȃ 

Ь  ᴐў ѐ  Э̆ ╗

  ἷ ѐ̆⁞ ү ȁЬ

╟ ᴐ Ю ╟╒ ̆ з  б

OpenSees ╗ Ԉ У  ̆

а ȁа ╗ ᾳԈ а  ̆ӱ ҩ

 Ԉ ὲб⁞  ̆ ὲ ╗

⁞Ȃ 

‡ў Ԉ  ѝ ῆ̆ ╗

ΰᴉ ȁ Ԉ ╒  ̆ӱ ╗

╟╒  ҩУҾ ̆ꜛ ╗

֒ȁ  ̆   Ȃ 
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ү    

2.1  

╟╒ Ὧ ̆ У

֗ ᴇ ╟╒ ѐ  ѝ Ȃ

ЭУ ѐ Ӯ ҩ Simo Hughes ̔

ᴇ ╟ ᶢ ̆ᴳᴇ ╟╒ ѐ  Ȃ

а ᶢ ѐ̆ч а ȂHughes ὡ

ᶑ ҩ ת̆ э ֶ ̆

Ԇ ֶ а ̆ Simo ╟  У ̆

ִұ Hughes Ȃ ̆ ў Simo Crisfield Ѯ

 Ӯ  ἷѐ ̆ з

ῆ‡   ╗ ḣ Ȃ 

2.2  Ӯ 

Ю ѝУ ἷ ӱ n ̂t ₂ ̃ n+1 ̂t+Dt ₂̃ ע ̆

ὲѐ 1-2ѝ n ἷ̆1ô-2ôѝ n+1 ἷ̆1m-2mѝч  ѐ

ȂDdѝ ἷ ᴁ ̆eѝ э  ἷ Ȃ 

en

em en+1

1 1'

2

2'

ȹd2

ȹd1

X

Y

2m

1m

 

2-1 ἷ 

2.2.1 ╗ ̂AAM̃ 

╗ ᴐѝ  ̆ Newmark-ɓ ὲѐ У ̆
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ᴁ ( )U t ᴐѝ ╟ ̆ ѐ =0.5g ̆ =0.25b ̆  У

╗ ̔ 

 1 1

2 2
( )n n n n n

t t
+ += - - = D -
D D

v d d v d v  ̂2-1̃ 

 1 1

2 2
( )n n n n n

t t
+ += - - = D -
D D

a v v a v a  ̂2-2̃ 

а ᾳЮ̆ n+1 ѝ 

 1 , 1 1 , 1 0+ + + += + - =g q Ma q
n i n n e n  ̂2-3̃ 

ὲѐq
iѝᾃ╒̆Mѝ ̆q

eѝ ̆ ̂2-3̃ Ԉ

Newton-Raphson Ȃ 

ұ ѝ ̆ὲў ἷѝч ἷ̆ 2-1̆

֒ӱ 1-2 ᴁ ╟1ô-2ôᴁ ̆ ‟ ̂2-3̃̆  

 
1 1, 1 1, 11

1 1

2 2, 1 2, 11

0
n nn

n n

n nn

m
N

m

+ ++

+ +

+ ++

- è ø è øè ø
= + - =é ù é ùé ù

ê úê ú ê ú

a qe
g

a qe
 ̂2-4̃ 

ὲѐ 1n
N +ѝ n+1 ἷ ╒̆ 1+e

n ₂ ἷ ᴁ Ȃ ̂2-4̃

ѝ ╗ ἷ ╟╒ Ȃ 

2.2.2  ̂ECM̃ 

Ѯ₥̆  УҾ ᾃ Ὧ [42]̆ ὲ

ᴐҩУҾ ȂԈЮӨ ᴐ Ӯ Ȃ 

Ӯ  Ѯ₥̆   ̆  У а

ұԈ ּ  ȂУ ̆ ἷ╟╒ ̆ў

ᴇ‚ѝ э ἷ̆ᴳ ΰᴉЭ

ᴇ ѝ ἷ ᴇ̆ Э ̆ 

̂1-1̃ѐ ȁ • ̆ Ѯ ̆

╟ ѝУэ  ̆ ἷ ( )U t ╗ ( )U t

ᴁ ( )U t  ̆ ╗ ̆‡ 

Э ̆ ╗ УҾḮ ̆G ( )U t ╗ ( )U t

ѝ  ̆ӱ  ̂1-1 Ȃ̃ 

Э ̆ ұУэ ἷ╟╒ ̆ Ԉѝ
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ч ̆ ̆У ἷ ұ ̆ У 

‡ ұ Ȃ₥ ̆  ҩѐ ̆

Ḯ ̆ ᶕ ̆҂ ̆  аӨ

Ө бҩ Э ̆҂ ҩ ̆ ч 

ѐ а ̆ ҵ Ȃ 

Simo   ұчэ  ₂ ѐ ̆ а ұ ╗

ұ  ₂ ̆҂ б Ѯ Ȃ ̆

Ӱ ұ ╗ ұ ╗ Ḯ Ȃ 

ұѐ Ḯ ̆ ᾳЮ̆ ᾗѝ̔ 

 , , 0= + - =g q M q
m i m m e m

a  ̂2-5̃ 

ұέᴇ ἷ̆̂ 2-5̃ ᾗѝ 

 
1 1, 1,

2 2, 2,

0
m mm

m m

m mm

m
N

m

- è ø è øè ø
= + - =é ù é ùé ù

ê úê ú ê ú

a qe
g

a qe
 ̂2-6̃ 

ὲѐ 1

2

++
=

a a
a n n

m ̆ 1

2

N N
N ++
= n n

m ̆ 1

2

++
=

q q
q n n

m ̆ e
mѝчэ ѐ

ᴁ 1m-2m̂ 2-1̃ ἷ ᴁ ̆ Ю  

 21, 21

1
( ) /

2
m n ml= + De X d  ̂2-7̃ 

̂2-7̃ѐ ὰѝѐ ᴁ 1m-2m ֒ ̆ ѝ 

 21, 21

1

2
m nl = + DX d  ̂2-8̃ 

ѐ 21,nX n ֒ ᴁ ̆ 21, 2, 1,n n n= -X X X ̆ 21Dd ѝ 2 ᴁ

̆ з 21 2 1D =D -Dd d d Ȃ 

ұ 1 1

2

n n
m

t

++
= = D

D

a a
a v̆ ὲ ὡ ̂2-6̃ѐ̆ Ԉ  

 
1,1 1

2,2 2

1
0N

- D è øè ø è ø
= + - =é ùé ù é ù

DDê úê ú ê ú

qe v
g

qe v

mm

m m

mm

m

    mt
 ̂2-9̃ 

ұ Simo  Nm Ѭ чэ ѐ ḣ̆

ҩ ׆ ̆  а ȂM.A.Crisfield
[40]

Nm ҩᶢ ̆ ѝ 
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 1

2

N N
N ++
= n n

m ɓ   ̂2-10̃  

ὲѐ
1

2
b

+

=
+

m

n n

l

l l
̆ nl 1nl + n n+1 ₂ ֒ ἷ ̆ Ԉ ֒

 Ȃ Ԉ  ̆Simo Э M.A.Crisfield ᴿ̆

ѐ 1b=Ȃḣ ̆b э╟╒ ѐ̆ а ע ̆ з э

֒ ἷ bḣ а Ȃ 

2.3   

2.3.1  ″  

ּ  У ұ ᴇ ̆ Ԉ

1r¢ ″  [43]Ȃ Newmark-ɓ ̆

⁸g b  ̆ =0.5g ̆ =0.25b ̆ ѝ

╗ ̆ ұ ᴇ ѝ ֒ Ȃת ұ ᴇ ̆

э″ ῆаᾋ Ȃ ұ Э ╟╒ ̆ 

ҩ ̆ ̆ а ᶑ ᴇ ӊ ҩ ̆

Ԉ ὡ ῆ‡ ᴐѝ″  ḣ ῆ̆

ᴇ ѐ̆  ὲ ѐ̆Ԉ ḣ  

ḣ э  ѐаֶ ұ  Ḯ

̆ ̆‡  Ȃ эῆ‡̆

╗  ұ ἷ Ȃ 

2.3.2 ╗  

2-1ѐ ἷ ╟ ̆ ΰᴉ ̆ ѫ а ᴐ

╟ ̆ ╗ ἷ ╟ Ԉ ѝѝ̔ 

 1 1 1 0N + + ++ =e an n nm    ( n+1 )   ̂2-11̃ 

 0N + =e an n nm         ( n )     ̂2-12̃ 

ὲѐ 

 1 1( ) /n nl+ += +De X d  ̂2-13̃  
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 /n nl=e X  ̂2-14̃  

ӱ n  n+1 Ḁ̆ч Ѯ ч ̆

⁞ѝ╟ □ Ȃ 

╟ чэ  ╟ Ѯ ̆ Ю̔ 

 ( )1 1

1 1

2
K + +D = - = D = D D

D
v v v v v v v d

T T T T

n n n n avm m m
t

 ̂2-15̃  

□ ‡ чэ  ̆ὲ Ю̔ 

 ( )2 20 0
1

2
N N N Nj +D = - = Dn n av

l l

EA EA
 ̂2-16̃  

ὲѐ   

 ( )
( )

2 2

1
1

0 0 1

( )n n
n n

n n

l lEA EA
l l

l l l l

+
+

+

-
D = - =

+
N  ̂2-17̃  

  

 
2 2

1 2 (2 )T T T T

n n l l+- = D +D D = +D DX d d d X d d  ̂2-18̃  

̂2-17̃ б ̂2-18̃ Ԇὡ̂2-16̃ □ ѝ 

 
1

(2 )
N

j
+

D = +D D
+

X d d
T Tav

n nl l
 ̂2-19̃  

    ̂2-15̃ ̂2-19̃ Ԉ   ╗ ӱ n  n+1 

̆ѝ 

 ( )
1

1
2 T T Tav

n n

N
m

l l t
j

+

DF=D +D = +D D + D D
+ D

X d d v dK  ̂2-20̃  

Э ч ѻԈ 2Ѯ  

 ( )1

1

2
2 2 2 2

N N
K j +

+

+
DF= D + D = +D D + D D

+ D
X d d v d

T T Tn n

n n

m
l l t

 ̂ 2-21̃  

̂2-11̃̂ 2-12̃ ѻԈDd̆ Ԉ  

 
1 1 1 0N + + +D + D =e d a d

T T

n n nm  ̂2-22̃  

 0N D + D =e d a d
T T

n n nm  ̂2-23̃  

̂2-21̃ - ̂2-22̃ - ̂2-23̃ ᴇ Уэ ̔ 
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( )

( ) ( )

1

1

1 1 1

1
1 1

1

1

2
2

2

2
( )

N N

N N

N N
N N

+

+

+ + +

+
+ +

+

+

+
DF= +D D + D D

+ D

- D - D - D - D

+
= +D D - + D

+

+ D - - D
D

X d d v d

e d a d e d a d

X d d e e d

v a a d

T T Tn n

n n

T T T T

n n n n n n

T T T Tn n
n n n n

n n

T T T

n n

m
l l t

m m

l l

m m m
t

 ̂2-24̃  

ὲѐ 

 1 1

1 2T T T T T T

n n n nm m m m
t t

+ +

å õ
D - - = D - -æ ö

D Dç ÷
v a a v a a  ̂2-25̃ 

╗ Ḯ  

 ( )1 1

2 2
n n n n n

t t
+ += - - = D -
D D

a v v a v a  ̂2-26̃  

̂2-25̃ ѝ 0Ȃ 

ѫ 

 ( ) ( )1
1 1

1

2 2
N N

N N+
+ +

+

+
DF= +D D - + D

+
X d d e e d

T T T Tn n
n n n n

n nl l
 ̂2-27̃  

ѝ  

 
1 12 T T T T

n n n nl l+ ++D = +X d e e  ̂2-28̃  

ὡЭ ̆  

 ( ) ( )1
1 1 1 1

1

2
N N

N N+
+ + + +

+

+
DF= + D - + D

+
e e d e e d

T T T Tn n
n n n n n n n n

n n

l l
l l

 ̂2-29̃  

̆  

 ( )

1 1 1 1 1 1

1

1 1

1

1 1 1

1
2 ( )

1
[ ]

[( )( )]

N N N N

N N

N N

+ + + + + +

+

+ +

+

+ + +

DF= + - - D
+

= - D D
+

- - - D

e e e e d

e e d

e e d

T T T T

n n n n n n n n n n n n

n n

T T

n n n n

n n

T T

n n n n n n

l l l l
l l

l
l l

l l

 ̂ 2-30̃  

ὲѐ 
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 ( )1 1 0

0

N + += -n n

EA
l l

l
 ̂2-31̃  

 ( )0
0

N = -n n

EA
l l

l
 ̂2-32̃  

 
1 1

T T T T T T

n n n nl l+ +- = +D - =De e X d X d  ̂2-33̃  

 ( )1 1

0 0

N N+ +- = - = Dn n n n

EA EA
l l l

l l
 ̂2-34̃  

 

( ) ( )( )

( )

1
1 1 1 0

1 0 1

0 1

( )

N
N +
+ + +

+ +

+

= +D = - +D

= - +D

e X d X d

X d

T T T T Tn
n n n

n n

T T

n

EA
l l

l l l

EA EA

l l

 ̂2-35̃  

 
0

( )N = -e X
T T

n n

n

EA EA

l l
 ̂2-36̃  

ԈЭ  ̔ 

 

( )
1 0 1 0 0

1 1

1

1

2 [ ]

[ ( )]

( )

T T T T

n n n n

T T T

n n n n

T T

n n

n n

l EA EA EA EA EA

l l l l l l l

l EA EA

l l l l

EA l

l l

+ +

+ +

+

+

å õ å õD
DF= - +D - - - D Dæ ö æ ö

+ ç ÷ ç ÷

D
= - +D D

+

D
= - D

+

X d X d d

X X d d

e e d

 ̂2-37̃  

‡ n  n+1 ╗  ѝ 

 1

1

( )
2( )

T T

n n

n n

EA

l l
+

+

D
DF= - D

+
e e d

l
 ̂2-38̃  

ӱ Ԉ ╗  ѐ ѝ 

 
1

1

1

( )
( ) 0

2( )

T Tn n
n n n

n n

EA l l
 

l l

+
+

+

-
D = - D ¸

+
ä e e dE  ̂2-39̃  

    ӱЭ Ԉ  ̆ ұ ╟ ἷᴇ ̆ ҩ

ΰᴉ ╟╒ ѐ̆ ╗ ╟ ֶ̆ ᴇ

 ѐ а ̆ Уэ ED ̆ ″ У
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ת̆ ӱ ̆ У ֶ ѝ ╗ ╟╒

ѐ а ̆ У Ȃ 

2.3.3   

 ΰᴉ ἷ╟╒ ̆

̂2-9̃ ╟ ̆а ̆ᴇ ╒ᴐ Ю ╟̆

n  n+1 Ȃ 

 ╟ б ╗ У ̆ ̂2-15̃ . 

╒ ᴇ ṁ╖ Ю ̔ 

 
T

eD =- Dq dP  ̂2-40̃  

ᾃ Ӱ б ̂2-16̃ ת̆ ұ 

ҩѐ Ḯ ̆ ע Ѯ  □ ⁞ Ȃ 

  

  
2 2

1 2 2T T T

n n m ml l l+- = D +D D = DX d d d e d ̂2-41̃  

₥ Ѭ
1

2
b

+

=
+

m

n n

l

l l
̆ Ԉ  

 Nj bD = De d
T

av m
 ̂2-42̃  

ѫ n  n+1 ѝ╟ б□ Ѯ ̆ Ԉ Ю  

 

1

1

1
( )

0

K P N

N

N

j b

b

b

DF=D +D +D = D D + D - D
D

å õ
= D + - Dæ ö
Dç ÷

= D + - D
D

= D =

v d e d q d

v e q d

v e q d

g d

T T T

av m e

T T T

av m e

T

av m e

T

m

m
t

m
t

m
t

 ̂2-43̃  

ӱЭ ѐ Ԉ  Уэ  ұ 0 ‡̆ э ╟

╒ ѐ̆ᴇ 0D =E Ȃ 
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2.4  

Ӯ ҩ  ̆ зӱ Э ὲб ╗

̆ ҩч  ̆ў ԈЮ ̔ 

1. ╗ ΰᴉ ᾳЮ̆  ѐ̆ аѝ

0̆ ѝ ̆҂ ѝ ̆ ҩ ╗ ΰᴉ

а ѝ ֒ Ȃ 

2.  ұ ╗ ̆Ԉ ᴐѝῆ‡ ̆

ᶑ ҩ  ѐᴇ а ӱ̆ ᶑ  ѐаֶ ̆ ѝУ

֒ Ȃ 
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Ь   OpenSeesѐ  

3.1  

2 Ӯ ҩ  ̆   У ḣ ̆

╗ ΰᴉ Ḁ а Ȃ ѐ̆

̆ ᴐ Ю̆ὲ╟╒ ѐꜛ ҩ ᴁ ̆ ὡΰᴉ

ᴐ Ȃ У ἷ ֒ѐ̆

╗  ̆  ҩ Ȃѝ ᾱ э ̆

֒ OpenSees ү ̆ ὲѐ╗ὡҩ  Ȃ 

3.2 OpenSees ֒  

3.2.1 OpenSees Ӯ 

OpenSeesᴐѝУэ ἷ ֒̆ὲў бὲӹ ἷ

֒ ꜛ̆נ ̂ModelBuilder̃ȁ ̂Analysis̃ Ԉ

  ̂Recoder̃Ȃὲѐ ̂ModelBuilder̃ ў ̂Nodẽȁ

ἷ̂ Element Ԉ̃ ̂Material̃ ᶕ ̆ Ҿ ᶕ ᶑ OpenSees

ѐ ў ̂Domaiñ ѐ̆  ̂Analysis̃ ‡ Ѭ 

╟ӱ t ₂  t+Dt ₂̆ Ҿᶕ ּ ў ̂Domaiñ ѐ̆

  ̂Recoder̃ Уэ  ᶕ ̆ з Ѭ

Ȃӱ 3-1 ѐ Ԉ  ̆ў ̂Domaiñ Ь 

ѐ ᴇ̆ t ₂ t+Dt ₂ ᶕ ᶑ ̆ 

̂Analysis̃   ̂Recoder̃ Ҿᶕ Ḁ̆ Ҿ

ᶕ ּ Ȃ 

ұ OpenSees ҩ ̆ 3-1 ̆שּ э

ἷ  ᶕ   Ѯѐ̆ ᶕ Ѯ

ּ ‡ C++ б Ѯ Ὧ ȂԈ ἷѝ ̆

ἷ Ԉ ἷ ᴐ̂ᴿ ἷ• ἷ  а

╒̃ ἷ ѐ̆ а ἷ ᴐ‡

Ȃ OpenSees Ԇ 3-1 ҩ‚̆ᴳ

  Ȃ ̆ү ᴐ ̆ ѝ Ԉ

б Ѯ   ᶕ ̆ а ᾋ Ԇ
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ᴐ̆ зᴳ OpenSeesέ ╗  Ԇ Ȃ 

ұ OpenSees ̆ ᾃ Ԉ ὲѐ

╗ ̆ з а OpenSees ₥ ѮЮȂ

҂ ѝ э ̆ OpenSeesᴐѝ  Ȃ 

ModelBuilder

Recoder

AnalysisDomain

 

 3-1 OpenSees  

3.2.2 OpenSees╟╒  

₥ ̆б ╗ а ̆  Ԉ ѝ

₥ ̆ з Ԉѐ ѝ ̆ ᴳ

 ἷ╟╒ ѐ̆аӨӨԈ    ̆

ὲ ἷ  ᶕ Ȃ  а

ұּ  ת̆ ӱ ἷ╟╒ ̆а ֗ᴉ ̆

а ὲ ἷ  ᴉ ̆ὲ╟╒ ̆ У

ұ OpenSees Уэ ἷ ֒҂ Ȃ 

ת ұ OpenSees ̆ ҩ C++ ̆ὲ ╟

╒ Ḁ Ԉ̆ ѝ ̆ У ╗ ̆ ̆

У ת̆נ ὲѐ э  ᴉб  ̆ӱ

‾ Ԇ Ḁ ὡ ̆ Ю Ȃ 

ұУэԈ Uѝ Ԉᾗ Ю ̔ 

 ( ) 0=R U   ̂3-1̃ 

ὲѐ ( )R U Уэ   [44]̆҂  ̂2-5̃ѐ

m
g Ȃ ἷ ѐ̆ ұ╟╒ ̆ὲ Уэ ( , , )U U U

Ю Ѭ ᴍ╒̔ 

1 1
( ) ( ( ) ) ( ( ) ( , ) ( ))

= =
= - - + -R U A P M U A F U F U U P

nodes elements

n n n Ie e Re e e e
n e
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̂3-2̃ Э ᴍ╒ чэ ̆⁞ѝ ᴍ╒б ἷ ᴍ
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╒Ȃ  Э ἷ Ḁ̆ Ȃ

ѐ̆ Уэ ұ Ȃ Уэ t̆

Ԉᴁ tDU   Ȃ tU ( ) 0=R Ut ₥ Ю̆ tDU ᴳ

( ) 0+D =R Ut t ̆ὲѐ t t t t+D= +DU U U Ȃ 

╟╒ ѐ̆  ╗ бDUὯ Ȃ

 ѐ̆ tDU ╗ ̆ чэ 

1I 2I Ȃ 

 
1( , , , , , , ......,)+D -D -D -D= DU I U U U U U U Ut t t t t t t t t t t t

 ̂3-3̃ 

 
2( , , , , , , ......,)+D -D -D -D= DU I U U U U U U Ut t t t t t t t t t t t

 ̂3-4̃ 

ѝҩ ̂3-2̃ ̆У Ԇ ̔ἼḮ Уэ t t+DU ᴐѝ

(0)

t t+DU ̆ ᵑ У ‟ ( )i

t t+DU ̆ ̆ӱ Уэ

t t+DU Ȃ Ԇ̆ Ԇ ̆ ұ ◗

 ̔ 
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µè ø
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U

R
R U R U U U

U
i

t t

i i
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( ) ( )

2( ) ( ( ) ) ( )( )
+D +D +D+D
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e
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1
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i
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¡=
µD
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¡=
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1
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2
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I
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U

I
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U

 ̂3-8̃ 

ұ̂3-6̃ ̆ Ԉ ע Ю ̔ 

 
( )i

n

* *D =K U P  ̂3-9̃ 

ὲѐ 

 
n e

* * *= +K K Ⱦ  ̂3-10̃  

 
n e

* * *= +P P P  ̂3-11̃  

з *
K n

*
Ⱦe
⁞ ἷ • ̆ *

Pn

*
Pe
‡⁞

ἷ а ╒̆ Ю  

 
( )

( ) ( ) ( )

( )

( )

( ( ) )

( ( ) ( ) ( , ))

+D

+D +D +D

*

*

*

*

¡=

¡ ¡= + +

= +D -
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2

2 1

K A M I
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i
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 ̂3-12̃  

̆ ( )DU i

n
Уэ Ԇ ᴁ ̆ Ԉ Ю  

 
( ) 1 ( )( )i i i

n t t t t

+

+D +DD = -U U U  ̂3-13̃  

Э ̆ Ԇ ̆ Уэ t t+DU ȁ
t t+DU t t+DU ̆У ѝ

(0)

t t t+D=U U ̆  (0)

t t+DU
(0)

t t+DU Ȃ 

3.2.3 OpenSees╟╒ Ԇ  

OpenSeesѐ̆ Analysis ѐ DirectIntegrationAnalysis Э

╟╒ Ȃ 

Ѭҩ  Ѯ ̆OpenSees  ̆ Ἴ 

ѐ  ̆ ү Ҿ  ̆ע Ь  ̆

 Ѭ t t+DU ȁ t t+DU t t+DU ̆ Ὧ 

̆҂
( )* *D =K U P
i

n ̆   tDU ̆ᴐѝᴁ ̆
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ЮУ ╟╒ Ȃ 

3-2 DirectIntegrationAnalysis Ԇ  

Э ̆ў ( )i

n

* *D =K U P ̆ У 

solveCurrentStep Ȃ 

Ἴ • *
K ᴍ╒ *

P ̆  ᴁ
( )DU i

n ̆  ‾ ЭУ  ̆ ЮУ ╟╒ t t+DU ȁ t t+DU

t t+DU ̆ з ₥ ᴍ ″ Ѭ ̆ ̆

‡ ЮУ Ԇ Ȃ 

3-3 solveCurrentStep  

DirectIntegrationAnalysis:: analyze (int numSteps, double dT) {  

1. Domain *the_Domain = this->getDomainPtr(); 

for (int i=0; i<numSteps; i++) 

{  

2. the_Domain->hasDomainChanged() ; 

3. theIntegrator->newStep(dT); 

4. theAlgorithm->solveCurrentStep(); 

5. theIntegrator->commit(); 

}  

}  

theIntegrator->formUnbalance(); 

Do 

{  

theIntegrator->formTangent(); 

theSOE->solve(); 

theIntegrator->update(); 

theIntegrator->formUnbalance(); 

theTest->test(); 

this->record(); 

}  
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3.3 OpenSeesѐ  

3.3.1  •  

ЭУ ѐ OpenSees╟╒  ̆ 

‚ ⁞    ̆ў ( )i

n

* *D =K U P ѐ ΰ Ȃ 

Ӱ ѝ ᴇ ̆ Ἴᾗ   

 , , 0m i m m e m= + - =g q Ma q  ̂3-14̃  
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 , 0= + - =g K Ma qm m m e md  ̂3-17̃  

₥  ̆У ἷ╟╒ ἷ ╟╒ ᴐѝч 
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 ̆ б У а ұԈ  Ȃ

Ȃ 

э ╟ • ̆ Ԉ ̆  



н ᴁ  

 

 
- 26- 

 
1 1

,

2 2

1
m i m t

m

mt

d
d d d

d

è ø
= + =é ù

Dê ú

v
g q K d

v
 ̂3-18̃ 

K ὡЭ  

 
1

2

2

02

0
t

m

mt

è ø
é ù= +

D ê ú

I

I
K K  ̂3-19̃ 

ұ  ҩѐ Ḯ ̆ ѐ ᴁ ᴁ dm 

₂ᴁ d У ̆ Ю  

 2 md d=d d  ̂3-20̃  

 ѐ ᴁ ἷ• ѝ 

 2t t m e md d d= =K d K d K d   ̂3-21̃  

ὲѐ 

 
1

2

2

04
2

0
e t

m

mt

è ø
= + é ù

D ê ú

I
K K

I
 ̂3-22̃  

╗ Ḯ ̆Ԉ dmбdѮ Ὧ ̆  n+1 б
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+1
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= +2
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D

= D -
D

= D - -
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 ̂3-23̃  

3.3.2   

Э  ҩ  бּ  а Ѯ ̆ ѝ

 OpenSeesѐ ̆ а ẹУ ̆ ╗ ̆

Ԉ Уэ  ╗  ѐȂ₥  ̆

 • Ḁ̆ ч ̆ ̆

а Ө Уэ  ̆ ѐ

҂╗ὡ   Ȃ ұ ұ ἷ̆ ў Truss ἷᴐ

ѝ ᴇȂ 



н ᴁ  

 

 
- 27- 

Э ȁὨ ̆ ̂3-6̃ Ȃ Ю ̆ э

ѐ̆ў ̂ModelBuilder̃ ѐ ἷ ѐ ╗ҩ TrussforEnergy.cpp

 ̂Analysis̃ ѐ ╗  EnergyConserving.cpp̆Ԉ h

֒Ȃ чэ  Ѯ ̆

 Ȃ 

SetDomain

Update

getTangentStiff

getResistingForce

ŀŀ

TrussForEnergy
newStep

formEleTangent

formNodTangent

domainChanged

Update

ŀŀ

EnergyConserving
U g

ModelBuilder

Recoder

AnalysisDomain

 

3-4  ╗  

3.3.2.1 TrussforEnergy.cpp 

ἷ TrussforEnergy.cppѐ̆ў э ̂3-6̃ѐ

ἷ  а ╒ ὲ̆ѐ ў   ԈЮΰэ̆ з Ӯ ү ἷ ̔ 

1. TrussForEnergy::setDomain(Domain *theDomain) 

3-5 setDomain  Ԇ  

э  ў ᴐ  ̆ꜛ ᴁ ȁ

̆ӱ   ȁ ᾃ╒ ᶕ Ȃ 

2. TrussForEnergy::update(void) 

Update  TrussForEnergy э ѐ Уэ ̆Ԇ ҂

̆ ѐ а ‟ Ȃὲў ᴐ  ּ ЭУэ Ԇ

ᴁ
( )i

t t+DU ЮУэ Ԇ ᴁ
1i

t t

+

+DU ̆ з setDomainѐ  

if(numDIM == 2) { 

deltad[0] = end2Crd(0)-end1Crd(0); 

deltad[1] = end2Crd(1)-end1Crd(1); 

   Lo =sqrt(deltad[0]*deltad[0] + deltad[1]*deltad[1]) ; 

   double EA = A*theMaterial->getTangent(); 

     EA /= Lo; 

No = EA*(sqrt(deltad[0]*deltad[0] + deltad[1]*deltad[1]- Lo); 

}  
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 ᶕ ̆ Ԇ  ̆ꜛ ̂3-16̃ A ѐ Ὧ

Ȃ 

3. TrussForEnergy::getTangentStiff(void)  

3-6 getTangentStiff   Ԇ  

getTangentStiff  ў ѝҩ ἷ• ̆ Ь ⁞

ἷ• KѐA Ь ̆ Ь  ╗̆ ἷ • Ȃ

for (i = 0; i < numDIM; i++){ 

        for (j = 0; j < numDIM; j++){ 

           temp = EA*beta*em[i]*ep[j];  

           kt(i,j) = temp; 

   kt(i+numDOF2,j)= -temp; 

   kt(i,j+numDOF2)= -temp; 

   kt(i+numDOF2,j+numDOF2)= temp; 

        }  

 }  

for (i = 0; i < numDIM; i++) { 

        for (j = 0; j < numDIM; j++){ 

   temp = Nm*em[i]*(em[j]-beta*ep[j])/Lm; 

           kt(i,j) += temp; 

   kt(i+numDOF2,j) += -temp; 

   kt(i,j+numDOF2) += -temp; 

   kt(i+numDOF2,j+numDOF2) += temp; 

        }  

 }  

for (i = 0; i < numDIM; i++) { 

        for (j = 0; j < numDIM; j++){ 

   temp = Nm*fm[i]*fm[j]/Lm;  

           kt(i,j) += temp; 

   kt(i+numDOF2,j) += -temp; 

   kt(i,j+numDOF2) += -temp; 

   kt(i+numDOF2,j+numDOF2) += temp; 

        }  

 }  
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бὲӹ а ̆У Truss ἷ ̆• У  ꜛ

ҩ ἷ ȁ ᶕ ̆ Ҿ  • ת̆ аӨ

‾ ҩ ἷ ̆ ἷ ╒Ԉ ἷ ╟╒ Ȃ

̆ 3-6 аӨӨ Уэ ἷ• ̆ зꜛ ҩ

 Ȃ 

4. TrussForEnergy::getMass(void) 

3-7 getMass Ԇ  

OpenSeesѐ̆ ἷ ἷ ̆ ̆ ἷ

а ᴐѝ а ╒ ̆ ἷ ѐ ἷ

ч ̆ ѐ ἷ У ̆ ᾋ ἷ eM Ȃ 

5. TrussForEnergy::addLoad(ElementalLoad *theLoad, double loadFactor) 

ў а ╒ѐ ἷЭ ╗ ╒ ( )e t t+DP ת̆ ұ

ұᴐ ἷЭ ╒̆ Ԉ ̆ ╒ ע ѐ ἷч

Э ѐ╒̆ ̆OpenSeesѐ̆ а ἷᴐ ╒Ȃ 

6. TrussForEnergy::getResistingForce() 

3-8 getResistingForce  Ԇ  

getResistingForce TrussForEnergy::updateѐ  ᾃ╒ Nm̆

̆ ╒ Э ᾃ╒̆ 

( ) ( )( ) ( , )
t t t t

i i

e Re e et t
+D +D

+D -P F U U Ȃ 

double M = 0.5*rho*Lo; 

        int numDOF2 = numDOF/2; 

        for (int i = 0; i < numDIM; i++) { 

          Mass(i,i) = M; 

          Mass(i+numDOF2,i+numDOF2) = M; 

        }  

    for (int i = 0; i < numDIM; i++) { 

      temp = Nm * em[i]; 

        (* theVector)(i) = -temp; 

        (* theVector)(i+numDOF2) = temp; 

    }  

        (* theVector) -= *theLoad; 
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7. TrussForEnergy::getResistingForceIncInertia() 

3-9 getResistingForceIncInertia   Ԇ  

ұ  ұѐ ̆ Ԉ а ╒ѐ ╒

 ‾ чэ ╗ ѐ ḣ ̆ Ἴ ╗ ̆ ḣ̆

  ╒̆ ЭУ а ╒ Эᾋ╗Э ╒̆ 

( ) ( ) ( )( ) ( ) ( , )
t t t t t t

i i i

e Ie e Re e et t
+D +D +D

+D - -P F U F U U Ȃ 

ԈЭЬ ̆   а ╒ * * *= +P P Pn e

ѐ *
Pe
Ȃ ұ  а ╒ *

Pn
Ԉ OpenSees Ԇ ̆ а

Ȃ 

3.3.2.2 EnergyConserving.cpp 

 EnergyConserving.cppѐ ὲ̆ ᴐў t+Dt ₂

╟ ̆ў   ԈЮΰ Ȃ 

1. EnergyConserving::newStep(double deltaT) 

3-10 newStep  Ԇ  

OpenSees  ̆ Уэ  ̆ ᵏУ

t t+DU ȁ
t t+DU t t+DU ̆У ѝ (0)

t t t+D=U U ̆  (0)

t t+DU

(0)

t t+DU Ȃ  ̆‾ ЭУ ( , , )U U U ̆

Ԉ Ѭѝ 

 

+1

+1

4

n n

n n n
t

=-

=- -
D

U U

U U U
 ̂3-24̃

 

for (int i = 0; i < numDIM; i++) { 

     (* theVector)(i) += M*(accel1(i)+Taccel1(i))/2; 

     (* theVector)(i+numDOF2) += M*(accel2(i)+Taccel2(i))/2; 

       }  

Udot->addVector(0, *Utdot, -1.0);  

Udotdot ->addVector(0,*Utdotdot,-1.0); 

Udotdot ->addVector(1,*Utdot,-2.0*c2); 

theModel -> setVel(*Udot);  

theModel -> setAccel(*Udotdot); 
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2. EnergyConserving::formEleTangent(FE_Element * theEle) 

3-11 formEleTangent  Ԇ  

чэ ( )i

n

* *D =K U P ѐ • *
K ̆Ἴ

ἷ•
2 1( )* ¡ ¡= + +K A M I C I Ke e e e

e
̆  1

2

2

04
2

0
e t

m

mt

è ø
= + é ù

D ê ú

I
K K

I
 

3. EnergyConserving::formNodTangent(DOF_Group *theDof) 

3-12 formNodTangent  Ԇ  

ү • 2( )* ¡=K A M In n
n

Ȃ 

4. EnergyConserving::domainChanged() 

3-13 domainChanged  Ԇ  

₥ ̆  ̆ ὡ Ԇ ̆ ₥

ὡ
( )i

n

* *D =K U P ̆ з  
( ) 2i

n m=D = Dx U d Ȃ 

5. EnergyConserving::update(const Vector &deltaU) 

3-14 update  Ԇ  

 ̆ ԈЭ   ᴁ ( )DU i

n
̆  ЮУ

 

    theEle->zeroTangent(); 

    theEle->addKtToTang(c1); 

    theEle->addMtoTang(c3); 

 theDof->zeroTangent();  

    theDof->addMtoTang(c3); 

AnalysisModel *myModel = this->getAnalysisModel(); 

    LinearSOE *theLinSOE = this->getLinearSOE(); 

    const Vector &x = theLinSOE->getX(); 

(*U) += 2.0*deltaU; 

      Udot->addVector(1.0, deltaU, 2.0*c2); 

   Udotdot->addVector(1.0, deltaU, 2.0*c3); 

      theModel->setResponse(*U,*Udot,*Udotdot); 
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 ̂3-25̃  

з ᶕ ̆ ὡЮУ Ȃ 

ұ ╗ TrussForEnergy EnergyConservingчэ ̆ὲ OpenSees

ѐ 3-15 Ȃ 

ἼOpenSees ₥ ᾗ Tcl ֒̆ ֒ѐ ᶕ ἷ

ᶕ ⁞ Domain ּ Node TrussForEnergy ѐ̆

TrussForEnergyѐ setDomain   ᶕ ̆Ѯ ̆OpenSees

ֶ Nodeѐ t t+Dt ₂ ̆ ұ Ԇ Ȃ 

̆ EnergyConservingѐ newStep Ԇᴁ t+Dt

₂ ╟ ̆ ȂTrussForEnergy update  ‡ ╟

ἷ ̆ᾋ ὲӹ ̆Ԉ ἷ Dĕ

Ҿ ̆TrussForEnergy У ‟ ̆ ἷ • ΰ

ᴉ• ̆ ἷ ̆ӱ ἷ ╒̆ P
*Ȃ 

EnergyConservingѐ҂ УҾ ̆ • ̆ з а

╒ Ԇᴁ ̆ EnergyConservingѐ updateѐ ╗ Ԇᴁ ̆

ᴁ ὲӹ Ȃ 

ԈЭ  OpenSeesѐ ὲѐ 

̆ ұOpenSees Ԇ Ȃ 

3.4 ᴿ  

ѝҩ OpenSees ̆ Уэ ᴿ

Ȃ 3-16̆ L=1.0m̆ ֒ r=7860kg/m3̆ ֒

A=0.0025m2̆ ֒ E=2.0 105MPă Ю ╗У 

v0=1m/s̆ ṁ ╟Ȃ 
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V0

1
m

M

M = 9.825 kg

L= 1.0m

g = 9.8 m/ŝ 2

 

3-16  

 Dt=0.001s ѐ  ѝ ̆⁞

 ̂ECM ȁ̃ ╗ ̂AAM ̃̆ ̂TRBDF2̃ Ь 

Ȃὲѐ TRBDF2
[45]̂Trapezoidal rule/backward-differentitation-formulã

OpenSeesѐ У  ̆ԈЮ ὲѝ Ȃ

Bathe
[46]

TRBDF2  ̆ ұ ╟╒

̆ У ֒  Ȃ 

3.4.1 ╟╒  

3.4.1.1 Dt=0.01s 

3-17 Dt=0.01s Ь  б X ᴁ  

ӱ ᴇᴁ Э ̆ 0.01stD = ̆Ь ̆з

 

 

ã X ᴁ  b̃ᴁ  
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б ̆ Ь  э  ᾳЮ̆ Ԉᶑ

̆ ҂ ҩ 1000э ╟ ̆҂   ̆

Ԉ ѝ ᴿѐ̆ 0.01stD = Ь Ȃ 

ӱᴁ ѐ ̆  б ╗

ѝ ̆ ұ ұ ╗ Ḯ ̆ а

ұѐ ҩ ̆ ╗ ‡ ұ 

Ȃӱ ѐ Ԉ  ̆ б ч 

⁞ ̆ӱб ḣ ̆ ḣ̆

╗ Ѯ̆ ḣ ̆  Ь  ̆

 ̆ Ȃ 

3.4.1.2 Dt=0.1s 

 0.1stD = Ь̆   ҩ ѝ ⁞̔

 ч  ̆ ╗

̆ з ╟ ╗Ȃ 

3-18 Dt=0.1s Ь  б X ᴁ  

   ӱ ᴇᴁ Э ̆Ь  ̆ ӊ ⁞Ȃ

╟ Уэ Ԉᾃ̆Ь б ת̆ Ӱ

Ԉ    ̕ ̆Ь

⁞ ̆ ╗ Ἴ Ȃ 1000э

̆   ᾳȂӱᴁ Ԉ

̆Ь ѐ̆ □̆ ұ ╗

б ұ ╗ Ḯ ̆ч

ת̆⁞ ‡б ⁞ ̆ ҂ Ȃ
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̆ӱ ѐ Ԉ  ̆ ╗ ̆ Ӱ б

ѝ Ȃ 

Э ᴁ ̆  Эִұ ╗

̆ Э‡ִұ Ȃ 

3.4.2   

ЭУ  ̆″ Уэ  ḣ ̆ Ԉ ῆ‡̆

ѐ̆ ȂЭУ ѐ̆ ╗ ̂AAM̃ ᴇ

а ̆ ҂ ұ 0̆҂ ̆ ╗

ḣ б  Ὧ̆  ̆‡ᴇ ̆ Ԉ Ȃ

ұ  ̂ECM̃̆ ὲᴇ ᶑ ḣ̆ ѝ 0̆

ῆ‡ Ԉ ̆ ֒ Ȃ 

    Ю ᴿ Ь Ȃ 

 

3-19 Dt=0.1s ╗  

 0.1stD = ̆ ╗ ᴇ ╟ ̆

̆ᴇ Ь  ̆⁞ ╟ ̆ᾃ Ԉ

╒ṁ╖̆ ұ ╟ ̆ ╒ ̆ ᴇ ᾃ ΰѱѝ 0̆╟ ᾃ ў

Ȃ 

ӱ ѐ  ̆Ь  ₥ ע ̆ ╟

̆ᴇ ҂ᶑ ḣ̆ ̆   ╟̆

╟ ⅍ ̆ ᴇ ⅍ ╗̆  ̆ ṃ Ȃ 
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3-20 Dt=0.1s   

 0.1stD =  ̆  

̆ӱ ѐ Ԉ ̆ ╟ ̆ᾃ ̆ ╒ṁ╖Ь 

ᶑ а ̆ ұ ḣ 4.9125N*m̆  Ḯ Ȃ 

 

3-21 Dt=0.1s  

 0.1stD = ̆ ᴇ ╟ ᾳЮ̆ὲ

̆ Ԉ ̆╟ ̆ᾃ ╒ṁ╖ ᴇ   ῏

□Ȃ 

₥ ᴁ ̆ ᴁ ῏ ̆ὲӹ

╟╒ ╒҂ ̆ ѝ ѐ ὡҩ ḣ Ȃ

 ᴇ ҂ᴇ   ῏ □Ȃ 
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3-22 Dt=0.1s Ь   

 0.1stD = ̆ Ь У ̆ӱ ᴇ

ѐ̆  ̂ECM̃ ᴇ ᶑ ḣ̆

╗ ̂AAM̃ ╟⅍ ̆ ̂TRBDF2̃ ‡ᴇ ῏

□Ȃ 

 

3-23 Dt=0.01s Ь   

῏ ̆ 0.01stD = ̆ Ь ᴇ ̆

 ̂ECM̃ᵑ ᶑ ᴇ ̆ ╗ ̂AAM̃

э  Ю   ̆ Ԉ ⅍ ╗ ᾰͅת

ұὲ аѝ 0̆ ╗  ᴇ Ӱ ұ ╟ѐ̆

╟ ҂ ̆ з ұУ Ѯᾃ̕ ̂TRBDF2̃ ‡ᴇ  У

╟ѐа ῏ □Ȃ  
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3.5  

Ἴ ҩ OpenSees ֒ ╟╒ ̆ OpenSees ҩү

̆  ̂ECM̃╗ὡ OpenSees  ̆‾

OpenSees ֒̆ ҩУэ ḣ ᴿ ̆ УЮ ̔ 

1. ᴿ̆ ҩ OpenSeesү 

Ȃ 

2.  ȁ  Ԉ ╗ Ь 

̆ ѝ  ḣ Эִұ ╗ ̆

Эִұ Ȃ 

3. ᴇ ̆ ҩᴇ  ḣ ″ ῆ̆

╗ ╟̆ ѝ ҂ ѝ ̆ 

Ḁ̆ ֶ ӱ̆ ̕ ῏ ̆ ῏ □̆

҂ ѝ ӱ̆ ᶑ ҩὲ ḣ ̕ 

ᶑ ḣ̆ ѝ 0̆ ̆ӱ ᶑ ὲ 

ḣ Ȃ 
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4.1  

3 ѐ̆ӱ Э ҩ ╗ ̂AAM̃ 

̂ECM̃ ̆ ῆ‡ ″ ч  ḣ ̆

OpenSees ╗  ̆ ҩ ḣ ᴿ Ȃת

ᴿ ҩΰᴉ ̆ ̆ ұа ̆

ᴇ ̆ ╗  ֓

ḣ а Ȃ   ҩү︠ ת̆ У ұ

̆ ѐ  ᴿȂ ұ ̆

 ╗ὡ OpenSees Уж ұ ἷ ֒ѐ̆ ѐ

ΰэ ᴿ  ὲӹ  Ȃ 

4.2  

ұ  ѐ ̆ ӝ

[32]ѐ MATLAB ᾗҩ   ̆ з

ҩУэ Ԉ УэЬ ᴿ Ȃ ὲ ѐ

ᴿ  ̆ а ̆ ұ ү Ѯ ὡ

 OpenSees ֒Ȃ 

Ю ѐ ̆40m ̆ 1m̆ч ̆ ѝ 7800kg/m
3̆

֒ ѝ 100mm
2̆УὭ 161 ֒̆ ֒ ╗  ̆ᴳὲ

╟Ȃ 

̆ ᴿ ѐ   ╟╒ ѝ ѐ ̆ 4-1ѐ   ̕

  ֒ ╒ Ὧ ѝ ѐ   ἷȂ 

1
m

40m

 

4-1  
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4.2.1  

 

4-2 Ь  ֒ ╒- Ὧ  

Ἴ ̆ E=2.0 10
5
MPă Ь 

╒ Ὧ 4-2 ̆ Ԉ Ὧ ̆ѝ ̆

з ѝ EȂ 

4.2.1.1  Dt= 0.01s 

4-3 Dt=0.01s Ь  ѐᴁ  

 0.01stD = ̆⁞ ╗ ̂AAM ̃̆ 

̂ECM̃Ԉ ̂TRBDF2̃ Ь   ᴐ

Ю ╟Ȃӱᴁ Ԉ  ̆ ╗ 30.88s ̆

УὭ 3088 ̆  ч ‡ᶑ Ȃ 

-0.015 -0.01 -0.005 0 0.005 0.01 0.015
-3

-2
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0

1

2

3
x 10

9

╒
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          ã ѐᴁ  b̃ᴁ  
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 / s

 

 

ᴁ
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 m
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ᴁ
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4-4 Dt=0.01s Ь  ѐ ֒ ╒  

ӱᴁ ѐ Ԉ  ̆ ╗ ₥б

̆ ‡ Ἵ Ȃ ╒ ѐ

Ԉ   ╗ ᾰͅ   ἷ ╒

ѐб ч ḣ ̆⁞שּ ╒У ᶑ

̆ Ἵ ̆ ╗  ╒ ᴇЭᴇ

  ̆҂ ѝў̆ת   ╟̆

Э ╟ ᾳ ̆ ѝ ╟ ѐ҂

б̕ ұ ᴇ ὡҩ ḣ ̆ ҩ  ̆ӱ эᴁ

ѐ Ἵ Ȃ 

4.2.1.2  Dt =0.005 

 

4-5 Dt=0.005s Ь  ѐᴁ   

0 10 20 30 40
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 m

 

 

AAM

TRBDF2

ECM

 

 

           ã ѐ ֒ ╒  b̃ ֒ ╒  
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4-6 Dt=0.005s Ь  ѐ ֒ ╒   

 0.005stD = ̆Ь   ᴁ ȁ ╒

Ԉ Э Ȃӱ ѐ Ԉ  ̆ ╗ 16.14s

̆ 3227 ̆  ᶑ Ȃ 

ӱ ╒ ѐ Ԉ ̆ ╗ 

ұ ҩ ╗ Ḯ ̆ =0.5g ̆ ὡ ḣ ̆ᶑ ҩ

╟  ̆ ӱ╟╒ ѐ Ԉ  

̆ зч ҂ ̕ ұ ὡҩ ḣ ̆

э╟╒ ѐ̆ ҩ  ̆ Ԉὲ Ἵ Ȃ 

4.2.1.3  Dt =0.001s 

4-7 Dt=0.001s Ь  ѐᴁ  

 

  

 

                  ã ѐ ֒ ╒  b̃ ѐ ֒ ╒  

 

 

             ã ѐᴁ  b̃ ѐᴁ  
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 0.001stD = ̆Ь ̆  ῏ ̆ᴳ

╗ ֒ Ԉ Ȃ 

ӱᴁ ѐ Ԉ  ̆ ╗ б 

ѝ ̆ ұ ҩ  ̆ ѝἽ ̆ з

б ч ⁞ Ȃ 

4.2.1.4  

    Ю ӱ Ь   ̆ ₥ ᴿ ̆⁞

Ь  а  Ю Ȃ 4-8ѐ Ь ⁞

╗ ̂AAM ȁ̃ (TRBDF2)  (ECM) ע

Ȃ 

 

a) ╗ Dt=0.01sȁDt=0.005sȁDt=0.001sЮ  

 

b) Dt=0.01sȁDt=0.005sȁDt=0.001sЮ  
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c)  Dt=0.01sȁDt=0.005sȁDt=0.001sЮ  

4-8 Ь  ⁞ Ь  Ю  

aѝ ╗ ᴇ ̆ὲ ₥ ╟

῏ ῏ Ȃӱ ѐ Ԉ  ̆ ╗ ̂AAM̃

₥У ╟̆ ╟ □  ῏ ῏ ת̆ У

̆ з □̆  Ḁ ⅍ ╗Ȃ ұ

╗  0.01stD = 0.005stD =   ҩ ̆

ΰᴉ Ḁ У ֒ Ȃ 

b ѝ а   ̆Ь ᾳ

Ἴ Уэ ῏̆ Ԉ □ ῏̆ ῏ б 

ὯȂ  ̆ ῏ ̆ ұὲ ῏̆ ѝ

̆ Ԉ  ΰᴉ Ḁ̆ У ֒  Ȃ 

c ѝ  Ь а  ᾳЮ ᴇ

̆ὲ ᶑ ̆ ѝ 0̆ ұὲ

ᾱ ̆ ѝ ֒ Ȃ 

4.2.2  

ѝ ̆ ╒ѝ Fy=235MPă ὲѐ У•

ѝ E=2.0 10
5
MPă ү• ѝ У• 1%Ȃ 

ЭУ ѐ̆ ̆ ҩΰᴉ ̆

̆ Ю ̆ὲӹᶕ а ̆ ╗

 ̆ᴳ ╟Ȃ 

ұ ΰᴉ ̆ ╗  ̆

0 10 20 30 40

2.71
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2.72

2.725

x 10
4

 / s

 /
 N

*m

 

 

dt=0.1
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 0.001stD = Ȃ 

 

4-9 Dt=0.001s ч  ᴁ  

 

4-10 Dt=0.001s ѐ ֒ ╒ Ὧ  

̆ ╗ б  ̆ч

 ᴁ ╒ ҂ת̆ ⁞̆ ḣ ̆ ╗

У ұ  Ȃ 

ᴇ ч  ̆⁞ ╟ ᾃ ̆ 4-11 4-12̆ ч

̆ Ԉ ̆ ╗ У ╟̆

а ת̆ У ᾃ ╟̆ Ԉ ̕

ᶑ Ȃӱ ѐ Ԉ ̆ч  ╟ У ת̆ ᾃ ‡

̆⁞שּ   ᾃ 1400~1600N*mᾃ ╟̆

╗   ᾃ ‡ 800~2500N*mѮ ╟̆  

╗ ̆ за а ̆ а ╟Ȃ 
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4-11 Dt=0.001s ╗  

 

4-12 Dt=0.001s   

ч   ᴁ ȁ ╒ ת̆ а ὤ ̆

̆ ╗ ΰᴉ ̆

 ̆ ת̆ а Ȃ

з ΰᴉ Ὥ Ḁ̆ ╗ ὡ

ў ᾃ ᴇ Ȃ 

4.2.3  

ч  а  Ю ̆ ч 

̆  ᴇЭ ╗ έ ̆

ת ҂ а Ȃ 

 






















































